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Abstract

Local pursuit is a cooperative optimal control strategy which mimics the process by which ants gradually optimize their
foraging trails. It requires only short-range, limited interactions between members of a group of control systems and converges
to an optimal solution by iteratively optimizing an initial feasible trajectory/control pair. With local pursuit, group members
solve an optimal control problem in “small” pieces, using only information local to them. This report is a compilation of
experiments and simulation examples designed to illustrate the performance of local pursuit. It includes references to articles
which discuss the method in detail.

Key words: Co-operative control, Optimization, Agents, Minimum-time control

1 Introduction

Local pursuit is a cooperative, decentralized algorithm
for learning optimal controls/trajectories, starting from
a feasible solution. Under local pursuit, an ordered
sequence of agents (physical or simulated copies of a
control system) proceed by calculating (and evolving
along) optimal trajectories from their own state to
that of their predecessor. Neighboring agents are thus
termed “leader” and “follower”. Local pursuit mimics
the way in which ant colonies optimize their foraging
trails and solves an optimal control problem in many
“short pieces”; it offers storage and information advan-
tages compared to when an optimal control problem is
solved all at once or by a single agents.

This report contains a series of examples illustrating the
application of local pursuit. It is intended as an adden-
dum to a series of recent publications on cooperative con-
trol. For a complete description of local pursuit (includ-
ing a mathematical definition and relevant convergence
proofs), see the following articles: [1] introduces the term
“local pursuit” and contains an early discussion of that

method in R
2
; [4] extends the discussion to spaces with

curvature; [6,7,13] contain a rigorous discussion of a lo-
cal pursuit algorithm, where agents continuously adjust
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their trajectories; [11] discusses a “sampled” version of
local pursuit which requires only periodic updates to be
made to agents’ trajectories; finally, [13,5] present an ex-
tended version of local pursuit which can solve optimal
control problems with partially-constrained final state.

2 Simulations and Experiments

This section describes a series of simulations and an ex-
periment designed to illustrate the performance of local
pursuit. All simulation code was written in Matlab and
ran on a 1.6GHz Pentium-M PC. In the cases where there
was no analytical solutions available for the follower-to-
leader optimal trajectories, local pursuit required an ex-
isting numerical optimization algorithm as a “subrou-
tine”, so that each agent can compute optimal trajecto-
ries to its leader [5]. Here, we used the RIOTS [2] opti-
mization software for this purpose, although other nu-
merical optimization codes could be used just as easily.
See [5,12] for additional details on the numerical perfor-
mance of local pursuit.

2.1 A trail optimization problem with free final states

Consider the problem of finding shortest paths in an
environment consisting of a plane with two right cones,
whose (partial) top view was shown in Fig. 1. The radii of
the cones were 800 and 1000 units of length, respectively.



Each object (the plane and each cone) was parametrized
with its own set of coordinate functions. The agents were
governed by ẋk = uk, ‖uk‖ = 1 and were required to
travel from xI = (3500, 0, 0) to the second cone.

Fig. 1 shows the iterated trajectories generated when the
agents implemented the local pursuit policy (continuous
version from [6]) with T0 = 3499, ∆ = 0.2T0. For the
computation of the optimal trajectory, each agent had
to solve its own optimal control problem which was sim-
pler than the “global” problem, partly because of the
fact that the globally optimal trajectory crosses multi-
ple coordinate patches from the plane to the cone(s) and
vise versa. When the leader and follower were both on
the plane, or on the same cone, the computation of op-
timal trajectories was straightforward. In other cases,
agents had to optimize trajectories that crossed at most
two coordinate patches (plane-to-cone or cone-to-plane),
selecting from a one-parameter family of curves join-
ing leader and follower. On the other hand, computing
the globally optimal trajectory at once would have re-
quired searching over a four-parameter family of curves
(there are a total of four “crossings” between coordinate
patches). A detailed accounting of the computational re-
quirements and numerical performance of local pursuit
can be found in [12].

Fig. 1. Continuous local pursuit in a complex environment.
The initial trajectory (along the borders of the cones) is eas-
ily described but far away from optimal. The locally optimal
trajectories were easier to compute than the global optimum
because of the limited pursuit distance (∆ = 0.2T0). The
iterated trajectories converged to the optimum.

2.2 Pursuit with a trio of indoor robots

(From [4]). We performed an experiment designed to il-
lustrate local pursuit using the robots shown in Fig. 2.
Each robot has three wheels, two of which are inde-
pendently actuated. The wheel configuration makes the

robot kinematically equivalent to a unicycle. The robots
were outfitted with sonar and odometry sensors, and
had wireless access to the Internet. Their top speed is
2m/s and their sensors can be polled at a rate of 30Hz.
In addition, each robot is outfitted with a pair of micro-
phones and speakers. This arrangement allows robots to
exchange sound data and get bearing information on one
another over short distances.

Fig. 2. Local pursuit with a trio of robots.

The robots were designed for indoor use, therefore the
experiment described below was performed on level ter-
rain. We fixed a coordinate frame in the room where
the robots were located. Starting at the origin, one of
the robots (designated as the leader) was sent out to ex-
plore the terrain, recording its odometry data along the
way and using its sensors to avoid collisions with obsta-
cles. The leader reached the coordinates (3.75m, 0.75m)
which were designated as the target, and returned to the
origin by following (backwards) the odometry informa-
tion it collected on its way to the target. Once back at
the origin, the leader turned around and re-traced its
original path to the target, this time followed by the two
other robots, each separated 0.5m from the next. We
measured length on the plane using the usual Euclidean
metric. Each robot followed its leader by moving for-
ward with constant speed, while adjusting its turn rate
so as to keep the leader directly ahead. As predicted,
each follower robot traveled less distance than its leader,
effectively shortening the path between the origin and
the target. Once at the target location, the robots fol-
lowed each other back to the origin, further reducing the
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Fig. 3. Iterated paths created by “following”: (a) first and
(b) second robots.

total length traveled. We arranged matters so that the
robots followed one another back and forth between the
origin and the target, in order to circumvent the need
for a large number of vehicles, Figure 3 shows the paths
traveled by the first (leader) and second robots during
seven successive trips between the origin and the target.
The curve highlighted with small circles indicates the
initial path. As expected, the iterated paths approached
a straight line.

It should be mentioned that by choosing R2 with the
Euclidean metric we have effectively ignored the non-
holonomic constraint which governs the kinematics of
our robots. We were able to do this because following
did not require the robots to move sideways. Of course,
a more natural choice would have been to regard the
robots’ configuration space as being SE(2) with an ap-
propriate choice of metric and to look for geodesics in
that space. This would involve solving a rather cumber-

some two-point boundary value problem on-line, in or-
der to compute the geodesics on SE(2).

2.3 Minimum-time control with speed and acceleration
constraints

Consider the minimum-time control of the second-order
system

ẍ = u; s.t. |u| ≤ 30, |ẋ| ≤ 8

where we seek to minimize J(x, ẋ, 0) = T , with bound-
ary conditions ẋ(0) = ẋ(T ) = x(0) = 0, and x(T ) fixed.
The optimal policy for this problem is an instance of the
well-known ‘bang-off-bang” control: u switches at most
once between 30 and −30, with u = 0 when the max-
imum for |ẋ| has been reached. The initial, suboptimal
input (Agent 1 in Fig. 4), alternated between the maxi-
mum and minimum available acceleration. When using
continuous local pursuit with ∆ = 1.3 sec, the third
agent’s trajectory was optimal (see Fig. 4). Notice that
after t > 2.7 sec the second agent intercepted the first
and subsequently moved along the same trajectory, x1.
It is also interesting to note that in this case, optimality
was achieved after a finite number of iterations.

2.4 An experiment in minimum-time control

We implemented the example of Sec. 2.3 using a collec-
tion of three motors, pictured in Fig. 5. Each motor was
equipped with position and speed sensors, which were
sampled by a PC-based controller at a rate of 2000Hz.
The goal was to rotate the motors to a fixed final po-
sition in minimum time. Motor acceleration and speed
were limited to 30 rad/sec2 and 8 rad/sec, respectively.
The input to the first motor was a rectangular pulse with
amplitude equal to the maximum acceleration (same as
in the simulation of Sec. 2.3). Each of the remaining two
motors tried to “catch up” with its predecessor by mea-
suring the predecessor’s state and applying a control to
reach that state in minimum time.

The trajectories of all three motors with ∆ = 1.3 sec
are shown in Fig. 6. We see that the third motor evolved
under essentially optimal control, and the second motor
“intercepted” the first after t ≈ 2.3 sec. We note that be-
cause of unmodeled friction, the final position θ(T ) was
less than the nominal value (see x(T ) in the last simula-
tion). The presence of friction also caused the motors to
decelerate when a zero input was applied (once the mo-
tors had reached maximum speed). That deceleration in
turn caused the local pursuit policy to try and “catch
up” by introducing a positive control input, resulting in
chatter observed in the velocity and acceleration curves
of motors 2 and 3 in Fig. 6.
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Fig. 4. Iterative trajectories for minimum control with
limited acceleration and speed. The pursuit interval was
∆ = 1.3. Units for acceleration, velocity and position are
rad/s2, rad/s, rad, respectively.

Motor 1 Motor 2 Motor 3

Fig. 5. Applying local pursuit with a trio of motors to obtain
minimum-time control with limited acceleration and speed.

2.5 Optimal control of a container crane

Next, we simulated a series of agents whose dynamics
were given by the container crane model from [14,10]:

ẋ1 = x4, ẋ2 = x5, ẋ3 = x6,

ẋ4 = u1 + 17.2656x3, ẋ5 = u2, (1)

ẋ6 =−(x1 + 27.0756x3 + 2x5x6)/x2,

subject to |u1(t)| ≤ 2.83374, −0.80865 ≤ u2(t) ≤
0.71265, and state constraints |x4(t)| ≤ 2.5, |x5(t)| ≤
1.0, where by slight abuse of notation we have used
x1, ..., x6, to indicate the components of the state vector.
The initial state was xI = [0, 22, 0, 0,−1, 0]T . The mo-
tion to be optimized was similar to that in [14], where
the crane is initially moving downwards and transitions
to a state xf = [4, 19, 0, 2, 0, 0], at t = 9s, where it
has been translated and moving horizontally. The cost

to be minimized was J =
∫

9

0
x2

3
+ x2

6
dt. To generate the

initial feasible trajectory, the first agent moved opti-
mally to an intermediate state xm = [0, 19, 0, 0, 0, 0]T

(a downward movement to a stop) at t = 4.5s, and then
optimally again to the desired final state, xf , at t = 9s,
at a total cost of 0.02149. Subsequent agents applied lo-
cal pursuit (“sampled” version of the policy; see [13,5])
with δ = 0.5, ∆ = 4, in order to find the overall opti-
mal control/trajectory pair from xI to xf . In this case
the optimal control problem had no known analytical
solution; each follower computed the optimal control
to its leader numerically by calling RIOTS [2], and ap-
plied that control for δ time units, before repeating the
procedure.

With a termination threshold of ε = 10−6, sampled local
pursuit performed 29 iterations. Figure 8 shows the iter-
ated costs. The trajectory of the 29th agent (Fig. 9) had a
cost of 0.015719, which was within 10−5 of the optimum,
0.015714. The optimal trajectory and inputs agreed with
those obtained using RIOTS to solve the problem “in
one piece”. During computation, each follower-to-leader
trajectory segment was sampled at 20 knot points. Each
iteration of local pursuit (i.e., each agent’s trajectory)

4



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−6

−4

−2

0

2

4

6

8

10
Motor 1

Time (sec)

Acceleration/16

Speed

Position

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−6

−4

−2

0

2

4

6

8

10
Motor 2

Time (sec)

Acceleration/16

Speed

Position

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−6

−4

−2

0

2

4

6

8

10
Motor 3

Time (sec)

Acceleration/16

Speed

Position

Fig. 6. Iterative trajectories of motors when applying local
pursuit to attain minimum-time control with limited accel-
eration and speed. The pursuit interval ∆ = 1.3. The third
motor evolved under essentially optimal control.

took an average 450s to compute, and required the cor-
responding agent to solve 10 versions of the optimal con-
trol problem with a time horizon of 3.5s, using approxi-
mately 380Kb of memory. This should be compared with
193s and approximately 1840Kb of memory which were
required to compute the optimal trajectory all at once,
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Fig. 7. Initial state trajectory for the container-crane system.
The second state is scaled by 1/20.
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Fig. 9. Trajectory of the 29th agent in the container-crane
example. The second state is scaled by (1/20). The trajectory
cost was less than 10−6 of the minimum.
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using the same optimization routine and knot point den-
sity.

2.6 Minimum-time control of a bridge crane

Next, we simulated a series of agents whose dynamics
were given by the bridge crane system used in [9,8]

ẋ1 = x2, ẋ2 = u, ẋ3 = x4,

ẋ4 =−0.98x3 + 0.1u, (2)

with xI = 0 and |u(t)| ≤ 1. To generate an initial trajec-
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Fig. 10. Trajectory of the 29th agent in the container-crane
example. The second state has been scaled by (1/10).

tory, we had the first agent proceed to the intermediate
state xm = [5.0554, 0.1862, 0.1444, −0.0307]T using the
control u(t) = sin(2πt/4), t ∈ [0, 7.5], and then on to the
final state xf = [15, 0, 0, 0]T optimally from xm. Sub-
sequent agents applied sampled local pursuit with δ = 1
and ∆ = 5 in order to find the minimum-time trajectory
from xI to xf . We transformed the minimum time prob-
lem into a partially-constrained final state problem by
defining a new state, x5, with ẋ5 = 1, and minimizing
x5 at the time when the state satisfies [x1, ..., x4]

T = xf .

During pursuit, each follower called RIOTS to compute
the minimum-time control to its leader, and applied that
control for δ time units, before re-adjusting its trajec-
tory. The initial trajectory reached xf in 14.5748s; sub-
sequent agents arrived in 13.9376s, 12.5651s, 12.0216s,
11.6930s, 11.1640s, 9.3250s, 8.5663s, and 8.5810s. The
trajectory of the 10th agent was optimal (8.5808s). The
optimal cost, trajectory and control, all agreed with
those given by RIOTS when solving the problem in its
entirety, as well as with the values reported in [8]. RI-
OTS used 50 sampling points for each follower-to-leader
trajectory segment. Each pursuit iteration took an aver-
age 9.81s to complete, and used 128Kb of memory. This
should be compared with 2.94s and 488Kb of memory
which were required to compute the optimal trajectory

all at once using the same optimization routines and tra-
jectory sampling density.
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Fig. 11. Initial trajectory for the bridge crane example.
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Fig. 12. Trajectory of the 10th agent (optimal) for the bridge
crane example. The first state is scaled by (1/4).

2.7 Minimum-time control of a quadruple integrator

Finally, we let the agent dynamics be given by the
quadruple integrator [3,8]:

d4z

dt4
= u, |u(t)| ≤ 1, (3)

where x
△
= [z, dz/dt, d2z/dt2, d3z/dt3]T , and

xI = [0.1, 0.2, 0.3, 0]T . We let the first agent evolve
to xf = [5.4012, 0.4627, 0.3, 0]T using the control
u(t) = −0.7 cos(2πt/4), t ∈ [0, 16]. Subsequent agents
applied sampled local pursuit [5] with δ = 1 and ∆ = 3
in order to find the minimum-time trajectory to xf .
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We transformed the problem into one with partially-
constrained final state, by appending an additional fifth
state, ẋ5 = 1 to (3). We again used RIOTS to compute
the minimum-time control from each follower to its
leader, and applied that control for δ time units, before
repeating the procedure. The second-through-seventh
agents reached the target state in 14.5445s, 11.8238s,
11.2727s, 8.7919s, 6.4578s, and 6.1688s. The trajectory
of the eighth agent was optimal, with a duration of
6.1687s. As in [8], the optimal control was the well-
known four-stage bang-bang policy. Calls to RIOTS
used 30 sampling points for each follower-to-leader tra-
jectory segment. Each iteration of local pursuit took an
average of 5.84s, and used 54Kb of memory, compared
with 3.4s and 396Kb of memory which were required
to compute the optimal trajectory all at once using the
same routines and sampling density.
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Fig. 13. Initial trajectory for the quadruple integrator exam-
ple.
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Fig. 15. Trajectory of the 8th agent (optimal) for the quadru-
ple integrator example.
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