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Abstract
We discuss a biologically inspired cooperative control strategy which allows a group of autonomous systems to solve optimal control
problems with free ﬁnal time and partially constrained ﬁnal state. The proposed strategy, termed “generalized sampled local pursuit” (GSLP),
mimics the way in which ants optimize their foraging trails, and guides the group toward an optimal solution, starting from an initial feasible
trajectory. Under GSLP, an optimal control problem is solved in many “short” segments, which are constructed by group members interacting
locally with lower information, communication and storage requirements compared to when the problem is solved all at once. We include a
series of simulations that illustrate our approach.
䉷 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Biological systems have long been a source of inspiration
for science and engineering, partly because of a desire to understand nature in the simplest possible terms, and because the
successes of natural systems can often elucidate difﬁcult problems in a wide variety of ﬁelds. In the area of systems and
control in particular, the recent development of less-expensive
small-scale air, water and ground-based autonomous vehicles
has fueled interest in the study of animal groups, whose behavior demonstrates quite elegantly (Parrish & Hammer, 1997) how
individuals’ shortcomings (e.g., limited intelligence, memory
and sensing range) can in many cases be overcome by effective
cooperation. Examples include ﬂocks of birds and schools of
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ﬁsh which move in tight formations and respond to predators
almost as a single organism, worker bees which share information by “dancing” and distribute themselves optimally among
nectar sources, and ants which use pheromone secretions to optimize their foraging trails (Camazine et al., 2001), to name a
few.
Observations of natural groups suggest that self-organization
may stem from a few simple rules of interaction, and that
minor changes in those rules can result in a wide range of
patterns. This idea has inﬂuenced the development of mathematical models linking individual with group behavior, including explanations of collective animal movement (Camazine
et al., 2001; Jadbabaie, Lin, & Morse, 2003); it has also
seeded a variety of research in cooperative approaches to
robotics (Ögren, Fiorelli, & Leonard, 2002; Yamaguchi &
Burdick, 1998), distributed covering and searching (Passino
et al., 2002; Wagner, Lindenbaum, & Bruckstein, 1999), remote
exploration (Brooks & Flynn, 1989), estimation (Kurazume &
Hirose, 1998; Roumeliotis & Bekey, 2002) and optimization
(Bruckstein, 1993; Dorigo, Maniezzo, & Colorni, 1996).
This work is a continuation of recent efforts (HristuVarsakelis & Shao, 2004, 2005; Shao & Hristu-Varsakelis,
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2005b) to formulate cooperative optimal control strategies
based on simple models of ant movement. By cooperating in
large numbers, ants are able to ﬁnd efﬁcient (short) paths between their nest and a food source in complex environments, a
task that appears too difﬁcult for any individual to accomplish.
It has been known that one way to model this process is to
postulate that ants “pursue” one another (e.g., each pointing
its velocity vector toward its predecessor in R2 ), thus producing progressively “straighter” trails. That idea, termed “local
pursuit”, was introduced by Bruckstein (1993) and was later
extended (Hristu-Varsakelis & Shao, 2004, 2005) to cover
nontrivial dynamics and environment geometries.
The contribution of this paper is to present a bio-inspired
cooperative optimization strategy, of which the algorithms
in Bruckstein (1993) and Hristu-Varsakelis and Shao (2004)
are special cases, and to demonstrate its use in a series of
challenging numerical optimal control problems. The focus
on bio-inspiration is central to our approach, which attempts
to demonstrate how a simple pursuit rule—when properly
expressed—can lead to (locally) optimizing behavior in a group
of engineered systems, in a way that mimics their natural counterparts. Compared to Bruckstein (1993) and Hristu-Varsakelis
and Shao (2004), our algorithm addresses a larger and more
useful class of optimal control problems with free ﬁnal times
and partially constrained ﬁnal states, thus showing that the
pursuit-based optimization works in a much broader setting
than initially conceived.
In the next section we describe the optimal control problem
to be addressed. Section 3 discusses an iterative optimization
algorithm that is well suited to groups of cooperating dynamical systems. Section 4 contains the main results regarding the
group’s trajectories when its members evolve under the proposed strategy, followed by some key points concerning the algorithm’s application. Section 5 tests our approach in a series
of benchmark numerical optimal control examples.

uk (t) ∈  ⊂ Rm

Deﬁnition 1. Given the ﬁnal state constraint Q(x) = 0, the
constraint set of x is SQ {x|Q(x) = 0}.
We will take jQ/jx to have constant non-zero rank in a
neighborhood of the set SQ , in order to ensure that ﬁrst-order
necessary conditions for optimality are satisﬁed at the optimal
termination point on Q.
In the sequel we will make use of the following notation.
For any pair of states a, b ∈ D ⊂ Rn , let x ∗ (t) be the optimal
trajectory of (1) from a to b with free ﬁnal time. We will write
∗ (a, b) for the corresponding optimal ﬁnal time. The cost of
following x ∗ will be denoted by


(1)

for k = 0, 1, 2, . . . . Physically, each instance of (1) could stand
for a robot, UAV, or other autonomous system.
Let x denote the state of a particular agent of (1). The problem
under consideration is:
Problem 1. Find a control u∗ ∈  and a ﬁnal time ∗ that
minimize
 t0 +
g(x, u) dt + G(x(t0 + ))
(2)
J (u, x, ) =

t0 +∗

(a, b)

g(x ∗ , u∗ ) dt + G(x ∗ (t0 + ∗ ))

t0

= min J (u, x, ),
u,

(3)

where the minimum is taken subject to (1), with x(t0 ) =
a, x(t0 + ) = b.
Let x ∗ (t) be the optimal trajectory from an initial state a to
the constraint set SQ , and let ∗Q (a, SQ ) be the corresponding
optimal ﬁnal time from a to SQ . The cost of following x ∗ will
be denoted by
Q (a)

We are interested in the solution of optimal control problems
using a group of cooperating “agents”, where the term “agent”
refers to a copy of a control system:
xk (t) ∈ Rn ,

Problem 1 involves optimal control with free ﬁnal time and
partially constrained ﬁnal state. As the problem states, we are
optimizing over the control input, u. Nevertheless, in the sequel
it will sometimes be convenient to discuss the solution in terms
of the optimal trajectories of (1). Of course, given an initial
condition x(t0 ), the trajectory x(t) of (1) is uniquely determined
by u.



2. Problem statement and notation

ẋk = f (xk , uk ),

g(x(t), u(t))0, G is bounded below, and that g and G are
otherwise such that Problem 1 has a solution (i.e., the minimum
exists).2

t0 +∗Q
t0

g(x ∗ , u∗ ) dt + G(x ∗ (t0 + ∗Q ))

= min J (u, x, Q ),
u,Q

(4)

subject to x(t0 ) = a, Q(x(t0 + Q )) = 0. We note that because
the agent dynamics have no explicit dependence on time, (·, ·),
Q (·) and J (·, ·, ·), are independent of t0 .
The cost of following a trajectory x(t) of (1) generated by a
generic input u during [t  , t  + ] will be denoted by
C(x, t  , )



t  +
t

g(x, u) dt

(5)

with x(t), u(t) deﬁned on an interval which contains [t  , t  +].
The following can be derived easily from the properties of
optimal trajectories and will be helpful in the sequel:

t0

with x(t0 ) = xI given, and subject to the dynamics (1) and the
ﬁnal state constraint Q(x(t0 + )) = 0, where Q(·) : Rn →
Rq is an algebraic function of the state. We will assume that

2 We have assumed that g  0 in order to avoid some obvious degeneracies; e.g., g < 0 on some region S and an agent can repeatedly move within
S to decrease J without bound.
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Fact 1. Let , Q and C as deﬁned in (3), (4) and (5) and let
x be a trajectory of (1) generated by u. Then,
(1) (a, b)C(x, t0 , ) for any x(·) such that x(t0 ) = a,
and x(t0 + ) = b.
(2) (a, c)(a, b) + (b, c).
(3) Q (a)(a, b) for any b ∈ SQ .
3. A bio-inspired algorithm for optimal control
Assume that there is available an initial feasible (but
suboptimal) control/trajectory pair (ufeas (t), xfeas (t)) for
(1), obtained through a combination of a priori knowledge
about the problem and/or random exploration. Following
the idea in Bruckstein (1993) and Hristu-Varsakelis and
Shao (2004), the agents xk will leave the initial state xI
sequentially and pursue one another toward the target set
SQ , in a way which will be made precise shortly. The ﬁrst
agent follows xfeas to reach some point in SQ . Each subsequent agent attempts to intercept its predecessor—along
optimal trajectories deﬁned by (3)—as long as the predecessor has not reached the constraint set SQ . If that
has already occurred, then the pursuer is to ignore the
preceding agent and instead evolve along the optimal
trajectory deﬁned by (4). We will use the term generalized sampled local pursuit (GSLP) to describe the preceding strategy, in order to distinguish it from the special
case (SLP) in Hristu-Varsakelis and Shao (2004). More
precisely:
Algorithm 1 (GSLP). Let x0 (t), t ∈ [0, T0 ] be an initial trajectory satisfying (1) with x0 (0) = xI , Q(x0 (T0 )) = 0. Choose
 such that 0 <  < T0 .
(1) DO k = 1, 2, 3, . . . ,
Let tk = k be the starting time of the kth agent, i.e.,
xk (tk ) = xI .
(2)
DO i = 0, 1, 2, 3, . . . ,
(3)
deﬁne tki = tki−1 + i , tk0 = tk where
0 < i < min(, ∗i−1 ), and ∗i−1 is the optimal
time ((3), (4)) from xk (tki−1 ) to xk−1 (tki−1 ) or to
SQ (with ∗−1 ).
(4)
Let u∗i () be a control that achieves


tk

(xk (tki ), xk−1 (tki )), xk−1 (tki ) ∈
/ SQ ,
i
i
Q (xk (tk )),
xk−1 (tk ) ∈ SQ ,

subject to (1), where  ∈
 i i
[tk , tk + ∗ (xk (tki ), xk−1 (tki ))], xk−1 (tki ) ∈
/ SQ ,
[tki , tki + ∗Q (xk (tki ), SQ )],
xk−1 (tki ) ∈ SQ .
(5)

Apply uk (t)=u∗i (t) to the kth
tk
[tki , tki+1 ).

agent for t ∈
(6)
UNTIL the kth agent reaches SQ .
(7) UNTIL C(xk , tk , tk + k ) − C(xk+1 , tk+1 , tk +
k+1 ) < ε, for some ﬁxed (small) ε, where k is the
time it took for the kth agent to reach SQ .
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We will refer to  as the pursuit interval and to  as the updating
interval. For ﬁxed ﬁnal time problems, local pursuit processes
have a ﬁxed ﬁnal time as well, i.e., i = . To simplify the
discussion, we will assume that for free ﬁnal time problems
the ∗i are lower bounded, so that we may again take  to be
constant.
When discussing pairs of agents during pursuit, the (k −
1)st and kth agents will be termed “leader” and “follower”,
respectively. As Step 4 of the algorithm indicates, there are two
types of follower movement, which could be termed loosely
as “catching up” and “free running”, depending on whether
the leader has reached the ﬁnal constraint set SQ . The former
lets agents “learn” from their leaders, while the “free running”
stage enables them to optimize the ﬁnal state within SQ .
Regarding the controllability of (1), we will assume that the
state solution, as well as the solution of the optimal control
problem solved by each follower (Step 4 of GSLP), exist in
an open region containing the leader and follower states and is
reachable for u ∈ , starting from the follower’s state, and that
similar conditions hold for the overall solution from xI to SQ .
Finally, without loss of generality, we assume that followers
do not intercept their leaders (in problems with free ﬁnal time).
If an interception does occur, one can simply prescribe that the
follower “join” its leader by reproducing the leader’s trajectory
after the time of interception. Because  is ﬁnite, there will be
a ﬁnite number of such events.
4. Main results
This section discusses the behavior of the group (1) under
GSLP. Because of space limitations, we include only sketches
of the proofs of the results that follow. The complete arguments, along with helpful illustrations, can be found in Shao
and Hristu-Varsakelis (2005a). We begin by considering the sequence of trajectories {xk (t)} produced by GSLP; we will ﬁrst
discuss the convergence of the corresponding cost sequence,
and then that of the trajectories themselves. In the subsequent
discussion, it will be convenient to distinguish between the
planned trajectory, denoted by x̂k,ti (), that a follower computes at time ti in order to reach its leader’s state, and the realized trajectory, denoted by xk (t), along which the follower
actually evolves, and which may differ from x̂k,ti () because of
subsequent trajectory updates (in Steps 2–6 of GSLP).
Lemma 1. Consider a leader–follower pair evolving under
GSLP with pursuit interval . Let the leader’s trajectory be
xk−1 (t) (t ∈ [tk−1 , tk−1 + Tk−1 ]), where Tk−1 is the time to
reach SQ , and ﬁx ∈ [0, Tk−1 ). Suppose the follower updates
its trajectory only once, as follows:
• If < Tk−1 − , the follower moves along the optimal trajectory (in the sense of (3)) joining xk (tk + ) and xk−1 (tk +
), with optimal ﬁnal time =∗ (xk (tk + ), xk−1 (tk + )).
During other times, the follower reproduces the leader’s
trajectory, i.e.,

xk−1 (t − ), t ∈ [tk , tk + ],
xk (t) =
xk−1 (t − ), t ∈ [tk + + , tk + Tk ],
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where Tk is the time it takes the follower to reach the ﬁnal
set SQ .
• If Tk−1 − , the follower chooses to evolve along the
optimal trajectory (in the sense of (4)) from xk (tk + ) to the
constraint set SQ . During other times xk (t) = xk−1 (t − ),
t ∈ [tk , tk + ].
Then the cost along the follower’s trajectory will be no greater
than the cost along the trajectory of its leader.
Proof. First, consider the case < Tk−1 −. For t ∈ [tk + , tk +
+ ], the follower moves on the locally optimal trajectory
xk (t). The cost along xk satisﬁes
C(xk , tk , Tk )
= C(xk , tk , ) + (xk (tk + ), xk−1 (tk + ))
+ C(xk , tk + + , Tk − − )

b1 − b2

∞<ε

⇒ C(x1 , 0, T ) − C(x2 , 0, T )

∞ < L

for some constant L, independent of .
Condition 1 implies that optimal trajectories of (1)
which “overlap” (to be made precise below), are locally
optimal:
Lemma 3. Let x ∗ (t) be a trajectory of (1) such that:
(i) x ∗ (t) (t ∈ [0, t1 + 1 ]) is optimal (in the sense of (3))
from x ∗ (0) to x ∗ (t1 + 1 ), and
(ii) x ∗ (t) (t ∈ [t1 , T ∗ ]) is optimal (in the sense of (4)) from
x ∗ (t1 ) to the constraint set SQ . Assume also that Condition
1 is satisﬁed, and 0 < t1 < t1 + 1 < T ∗ .
Then, x ∗ (t) (t ∈ [0, T ∗ ]) is a local minimum of (4).

C(xk−1 , tk−1 , ) + C(xk−1 , tk−1 + , )
+ C(xk−1 , tk−1 + + , Tk−1 − − )
= C(xk−1 , tk−1 , Tk−1 ).

(6)

If Tk−1 − , then the cost along xk is
C(xk , tk , Tk ) = C(xk , tk , ) + Q (xk (tk + ))
C(xk−1 , tk−1 , ) + C(xk−1 , tk−1 + , Tk−1 − )
= C(xk−1 , tk−1 , Tk−1 ),
which is equivalent to the desired statement.

x2 satisfy



The next Lemma shows that the cost of the iterative trajectories converges under GSLP:
Lemma 2. If the agents (1) evolve under GSLP, the cost of the
iterated trajectories converges.
Proof (Sketch). Let Ck−1 be the cost along the leader’s trajectory, xk−1 (t) (t ∈ [tk−1 , tk−1 + Tk−1 ]). Let xki and Cki ,
i = 0, 1, 2, . . . , be the trajectory and corresponding cost for an
agent that pursues xki−1 (with xk0 (t) = xk−1 (t)) by performing
only a single trajectory update, as described in Lemma 1, with
= (i − 1),  > 0. There will be a ﬁnite integer j such that
j
Ck is the cost incurred by the follower xk as he pursues the
j
leader under GSLP. Using Lemma 1, Ck = Ck Ck−1 . Because
the sequence {Ck } is non-increasing and bounded below (there
exists a minimum for (2)), it has a limit. 
Before stating the main result, we will require that small
changes to the endpoints of a trajectory have a small effect on
the optimal cost of (2).
Condition 1. ∀a, b1 , b2 ∈ D,  > 0 and for any x1 (t), with
x1 (0) = a, x1 (T ) = b1 , ∃ε > 0 and x2 (t), a trajectory of (1)
with x2 (0) = a, x2 (T ) = b2 , such that the costs of x1 and

Proof (Sketch). In the special case where the condition for optimality can be expressed in terms of a differential equation (e.g.,
optimal trajectories which must satisfy the Euler–Lagrange
equations), then x ∗ (t) (t ∈ [0, T ∗ ]) is a local minimum because it clearly must satisfy the same differential equation on
[0, T ∗ ]. For a proof of the general case (following the proof
by contradiction in Hristu-Varsakelis & Shao (2004)), see Shao
and Hristu-Varsakelis (2005a). 
The next two Lemmas discuss the convergence of the optimal
trajectories.
Lemma 4. If at all times during GSLP, the locally optimal
trajectory from follower to leader (or to SQ ) is unique, then
GSLP converges to a limiting trajectory x∞ (t).
Proof (Sketch). Suppose that the trajectory costs converge but
that there exist more than one limiting trajectory. Let x1 (t), t ∈
[0, T1 ]) and x2 (t), t ∈ [0, T2 ]) be two such possibilities. Let
t1 ∈ [0, T1 ] be the earliest time that x1 (t) differs from x2 (t).
From Lemma 2, x1 and x2 must have the same cost, otherwise
convergence of the cost is contradicted. Suppose now that a
leader, xk−1 (t), travels along x1 (t), while its follower, xk (t),
travels along x2 (t). Choose  > 0 small, and suppose that the
follower is to perform a series of updates to its trajectory, every
 time units. At some time at or after t1 (suppose it is at t1 ),
the follower measures xk and continues to evolve along x2 (t),
t ∈ [t1 , t1 + ). This means that the trajectory composed of:
(i) x2 (t), t ∈ [t1 , t1 + ) and (ii) the optimal trajectory from
x2 (t1 + ) to x1 (t1 + ), either has a lower cost than x1 (t), t ∈
[t1 , t1 +), or it has the same cost as x1 (t), t ∈ [t1 , t1 +). The
ﬁrst possibility (after considering the remaining updates to the
follower’s trajectory) contradicts the convergence of cost under
GSLP, since it leads to the construction of a trajectory with
lower cost than x1 and x2 . The latter possibility contradicts the
assumption that the locally optimal trajectory from follower to
leader is unique. 
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Lemma 5. Let x̂k,ti (t), t ∈ [ti , ti + (ti )], be the family of
planned trajectories that the follower xk computes at ti = k +
i, i = 0, 1, . . . , imax , in order to reach xk−1 (t) (or SQ ) optimally. If during GSLP: (i) the locally optimal trajectory from
follower to leader (or to SQ ) is unique, and (ii) xk−1 = x∞
(Lemma 4), then x̂k,ti (t) = xk (t), i.e., along the limiting trajectory produced under GSLP, the planned and realized trajectories overlap. Furthermore, if the locally optimal trajectories
obtained at every updating time are smooth (differentiable),
then the limiting trajectory is also smooth.
Proof (Sketch). Suppose that a leader, xk−1 evolves along the
limiting trajectory x∞ . Then (Lemma 4) xk (t + ) = xk−1 (t)
∀t ∈ [tk , tk + Tk ]. Suppose also that at some time, say t1 , the
ˆ 1 )), and
follower’s planned trajectory is x̂k,t1 (t), t ∈ [t1 , t1 + (t

that starting at some time t t1 , x̂k,t1 differs from the realized
ˆ 1 ) and (t1 ) are
trajectory xk (t), t ∈ [t1 , t1 + (t1 )) (where (t
ˆ 1 )) = xk (t1 + (t1 ))). If x̂k,ti (t) =
optimal, and x̂k,t1 (t1 + (t
xk (t), then we can either construct a new trajectory for the
follower to take with lower cost than xk (which contradicts the
assumed convergence to a limiting cost), or the uniqueness of
the optimal trajectories from follower to leader is violated.
The smoothness of the limiting trajectory follows from
the fact that it is composed of overlapping segments which
agree on intervals of size  −  > 0 and are each smooth by
assumption. 
The next theorem is follows from Lemmas 1 to 5:
Theorem 1. Suppose that the group of agents (1) evolves under
GSLP, that at all times t, the locally optimal trajectories from
follower to leader are unique, and that Condition 1 holds. Then,
the limiting trajectory, x∞ , is unique and locally optimal. It
is also smooth, if the locally optimal trajectories calculated at
every updating time are smooth.
Proof. The uniqueness of x∞ follows from Lemma 4. Also,
if xk−1 (t) = x∞ (t − tk−1 ), then xk−1 (t − ) = xk (t). Choose
1 , 2 such that 0 < 1 < 2 <  for all optimal ﬁnal times 
of the planned trajectories x̂k generated during GSLP. Then,
x∞ is piecewise smooth and locally optimal on [tk + i1 , tk +
i1 + 2 ], i = 0, 1, 2 . . . , because it coincides with the planned
trajectories, x̂k (t), on those intervals. Because the intervals in
question are overlapping, xk (t) (and thus x∞ ) is optimal, as it
is composed of overlapping locally optimal trajectories (using
Lemma 3 with SQ being a single point in the state space).
Smoothness of x∞ is proved in similar piecewise fashion. 
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Because agents choose their controls based on local information, GSLP is not guaranteed to converge to the global optimum.
The choice of agent separation  can affect whether the limiting trajectory is a local or a global optimum. Some interesting
special cases involving spaces with “holes” or “obstacles” are
discussed in Hristu-Varsakelis and Shao (2004), as is a version
of GSLP where agents adjust their trajectories continuously
( → 0).
In remote exploration settings, GSLP could be useful for a
group of autonomous vehicles, because of its reduced information and sensing range requirements. Indeed, agents need not
have access to the global geometry; each of them may operate
using their own, ad hoc coordinate system which may be unknown to other members. In fact, agents may not even know
the coordinates of the target state (or set), having only a set of
instructions for reaching it (the initial feasible control). Under
such constraints, solving the optimal control problem may not
be possible for a single vehicle. With local pursuit on the other
hand, it is sufﬁcient for each vehicle to operate on its own local
coordinate patch, calculating optimal trajectories from its own
state to that of its nearby leader.
In general, there will not be analytical solutions available
for the follower-to-leader optimal trajectories; thus, local pursuit requires an existing numerical optimization algorithm as a
“subroutine”, so that each agent can compute optimal trajectories to its leader (Step 2 of GSLP). In Section 5, we used the
RIOTS (Chen & Schwartz, 2002) optimization software for this
purpose, although other numerical optimization codes could be
used just as easily. Although a discussion of GSLP as a numerical method is beyond the scope of this paper, it is worth noting
that GSLP offers a trade-off between execution time and memory savings. For example, RIOTS is built upon the NPSOL optimization package (Gill, Murray, Saunderss, & Wright, 1998),
which (as is typical for many numerical optimization methods), has an execution time and memory requirement which are
quadratic (O(n2 N 2 )) in the number of states n and in the number of knot points N used to sample the trajectory of (1). Thus,
it may be advantageous to solve an optimal control problem in
many small pieces (as GSLP does), as opposed to all at once,
making it possible to solve larger problems with a given memory size. See Hristu-Varsakelis, Shao, and Samaras (2007) for
additional details on the numerical performance of GSLP.
5. Simulations and experiments
In this section, we describe a series of simulations that illustrate the performance of local pursuit. All codes were written
in MATLAB and ran on a 1.6 GHz Pentium-M PC.

4.1. Remarks
5.1. Cooperative trail optimization
The convergence results for GSLP assume an inﬁnite sequence of agents. However, we have observed in our numerical experiments (including those to be described in Section 5)
that in free ﬁnal time problems, optimality is achieved in a ﬁnite number of iterations. See also Hristu-Varsakelis and Shao
(2004) for a technique which “recycles” a ﬁnite collection of
agents by reversing the roles of SQ and xI .

Consider the problem of ﬁnding shortest 3-D Euclidean
paths in an environment consisting of a plane with two right
cones (of radii 700 and 1000 units of length, centered at (0, 0)
and (2600, 0), respectively); a partial top view is shown in
Fig. 1. Each object (the plane and each cone) was parametrized
with its own set of coordinate functions. A series of agents,
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0.022
0.021
0.02
0.019
0.018
0.017
0.016

Fig. 1. Trajectories produced by GSLP (two-cone example), with  = 1,
 = 868, T0 = 4340. The ﬁrst agent proceeds along the plane-cone boundary.
The target set SQ was the boundary of the rightmost cone.

governed by ẋk = uk , uk = 1, were required to travel from
xI = (4000, 0, 0) to any point on the second cone, making this
a problem with partially constrained ﬁnal state. Fig. 1 shows
the iterated trajectories generated by the agents under GSLP
with T0 = 4340,  = 0.2T0 ,  = 1. The lead agent’s trajectory was restricted to the plane, following the boundary of the
ﬁrst cone. Starting from xI , each agent advanced by solving a
short-range optimal control problem with boundary conditions
given by its own state and that of its leader (or the boundary of
the second cone). With a termination threshold of ε = 1, GLSP
completed in eight iterations. The trajectory of the eighth
agent had a length of 3600.3 units, compared to 3600 for
the minimum.
The use of local pursuit reduced the computational complexity of the problem, because the globally optimal trajectory crosses multiple coordinate patches from the plane to
the cone(s) and vice versa. When a leader–follower pair were
on the same patch, ﬁnding an analytic solution for the optimal trajectory was straightforward. In other cases, optimal
trajectory segments crossed at most two coordinate patches,
so that agents had to select from a one-parameter family of
curves. On the other hand, computing the globally optimal trajectory all at once required searching a four-parameter family of
curves (there are a total of four “crossings” between coordinate
patches).
5.2. Optimal control of a container crane
Next, we simulated a series of agents whose dynamics were
given by the container crane model from (Sakawa & Shindo,
1982; Teo, Jennings, Lee, & Rehbock, 1999):
ẋ1 = x4 ,

ẋ2 = x5 ,

ẋ4 = u1 + 17.2656x3 ,

ẋ3 = x6 ,
ẋ5 = u2 ,

ẋ6 = − (x1 + 27.0756x3 + 2x5 x6 )/x2 ,

(7)
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Fig. 2. Cost of each agent’s trajectory (container crane).

subject to |u1 (t)| 2.83374, −0.80865 u2 (t) 0.71265,
and state constraints |x4 (t)| 2.5, |x5 (t)| 1.0, where by
slight abuse of notation we have used x1 , . . . , x6 , to indicate the components of the state vector. The initial state was
xI = [0, 22, 0, 0, −1, 0]T . The motion to be optimized was similar to that in Teo et al. (1999), where the crane is initially moving downwards and transitions to a state xf = [4, 19, 0, 2, 0, 0],
at t = 9 s, where it has been translated and moving horizon9
tally. The cost to be minimized was J = 0 x32 + x62 dt. To
generate the initial feasible trajectory, the ﬁrst agent moved
optimally to an intermediate state xm = [0, 19, 0, 0, 0, 0]T (a
downward movement to a stop) at t = 4.5 s, and then optimally
again to the desired ﬁnal state, xf , at t = 9 s, at a total cost
of 0.02149. Subsequent agents applied GSLP with  = 0.5,
 = 4, in order to ﬁnd the overall optimal control/trajectory
pair from xI to xf . In this case the optimal control problem
had no known analytical solution; each follower computed the
optimal control to its leader numerically by calling RIOTS
(Chen & Schwartz, 2002), and applied that control for  time
units, before repeating the procedure.
With a termination threshold of ε = 10−6 , GSLP performed
29 iterations. Fig. 2 shows the iterated costs. The trajectory
of the 29th agent (Fig. 3) had a cost of 0.015719, which was
within 10−5 of the optimum, 0.015714. The optimal trajectory
and inputs agreed with those obtained using RIOTS to solve the
problem “in one piece”. During computation, each followerto-leader trajectory segment was sampled at 20 knot points.
Each iteration of GSLP (i.e., each agent’s trajectory) took an
average 450 s to compute, and required the corresponding agent
to solve 10 versions of the optimal control problem with a time
horizon of 3.5 s, using approximately 380 kb of memory. This
should be compared with 193 s and approximately 1840 kb of
memory which were required to compute the optimal trajectory
all at once, using the same optimization routine and knot point
density.
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Fig. 3. Trajectory of the 29th agent in the container crane example. The
second state has been scaled by (1/10).
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Fig. 4. Trajectory of the 10th agent (optimal) for the bridge crane example.
The ﬁrst state is scaled by (1/4).

5.3. Minimum-time control of a bridge crane

5.4. Minimum-time control of a quadruple integrator

Next, we simulated a series of agents whose dynamics were
given by the bridge crane system used in Luus (2000) and Moon
and VanLandingham (1997)

Finally, we let the agent dynamics be given by the quadruple
integrator (Chung & Wu, 1992, Luus, 2000):

ẋ1 = x2 , ẋ2 = u, ẋ3 = x4 ,
ẋ4 = −0.98x3 + 0.1u,

(8)

with xI = 0 and |u(t)| 1. To generate an initial trajectory, we had the ﬁrst agent proceed to the intermediate state
xm = [5.0554, 0.1862, 0.1444, −0.0307]T using the control
u(t) = sin(2 t/4), t ∈ [0, 7.5], and then on to the ﬁnal state
xf = [15, 0, 0, 0]T optimally from xm . Subsequent agents applied GSLP with  = 1 and  = 5 in order to ﬁnd the minimumtime trajectory from xI to xf . We transformed the minimum
time problem into a partially constrained ﬁnal state problem
by deﬁning a new state, x5 , with ẋ5 = 1, and minimizing x5 at
the time when the state satisﬁes [x1 , . . . , x4 ]T = xf .
During pursuit, each follower called RIOTS to compute the
minimum-time control to its leader, and applied that control for
 time units, before re-adjusting its trajectory. The initial trajectory reached xf in 14.5748 s; subsequent agents arrived in
13.9376, 12.5651, 12.0216, 11.6930, 11.1640, 9.3250, 8.5663,
and 8.5810 s. The trajectory of the 10th agent was optimal
(8.5808 s) (Fig. 4). The optimal cost, trajectory and control, all
agreed with those given by RIOTS when solving the problem in
its entirety, as well as with the values reported in Luus (2000).
RIOTS used 50 sampling points for each follower-to-leader trajectory segment. Each GSLP iteration took an average 9.81 s
to complete, and used 128 kb of memory. This should be compared with 2.94 s and 488 kb of memory which were required
to compute the optimal trajectory all at once using the same
optimization routines and trajectory sampling density.

d4 z
= u,
dt 4

|u(t)| 1,

(9)

where x[z, dz/dt, d2 z/dt 2 , d3 z/dt 3 ]T , and xI = [0.1, 0.2,
0.3, 0]T . We let the ﬁrst agent evolve ﬁrst to xm = [−1.7585,
−2.4903, −0.9726, 0]T using the control u(t)=− sin(2 t/4)/4,
t ∈ [0, 8], and then optimally to the ﬁnal state xf = 0, in a total
of 17.952 s. Subsequent agents applied GSLP ( = 2,  = 4) in
order to ﬁnd the minimum-time trajectory from xI to the origin.
We used RIOTS to compute the minimum-time control from
each follower to its leader, and applied that control for  time
units, before repeating the procedure. The second-through-ﬁfth
agents reached the target state in 13.1455, 12.4043, 6.6219,
and 4.8352 s, respectively. The trajectory of the sixth agent was
optimal, with a duration of 4.8320 s. The optimal time, trajectory (Fig. 5) and control (the well-known four-stage bang-bang
policy), all agreed with those given by RIOTS when solving
the problem in its entirety, as well as with the values reported
in Luus (2000) (4.8319 s for the minimum time). Calls to
RIOTS used 30 sampling points for each follower-to-leader
trajectory segment. Each iteration of GSLP took an average
of 3.05 s, and used 54 kb of memory, compared with 2.4 s and
608 kb of memory which were required to compute the optimal
trajectory all at once using the same routines and sampling
density.
6. Conclusions and ongoing work
We discussed a bio-inspired control strategy which enables a group of control systems to cooperatively ﬁnd optimal
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Fig. 5. Trajectory of the sixth agent (optimal) for the quadruple integrator
example.

trajectories, starting from an initial feasible control. Our algorithm, mimics the way in which ants optimize their foraging
trails and requires limited, short-range interactions between
members of the group; it applies to systems with nonlinear
dynamics and can be used to solve optimal control problems
with free ﬁnal time and partially constrained ﬁnal state. The
local nature of GSLP limits the amount of information (e.g.,
global geometry of the environment) that members must possess. Furthermore, it allows a potentially complex control
problem to be solved in a series of smaller segments, trading
off computation time for lower storage requirements. In each
of the examples presented here, GSLP converged to the global
optimum, although in general only local optimality is guaranteed. The algorithm’s numerical performance and convergence
rate, as well as a rigorous description of the class of optimal
control problems for which GSLP converges in a ﬁnite number
of iterations, are the subject of ongoing work.
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